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THE HOLOMORPHIC DISCRETE SERIES
OF AN AFFINE SYMMETRIC SPACE
AND REPRESENTATIONS WITH REPRODUCING KERNELS

G. 'OLAFSSON AND B. GRSTED

ABSTRACT. Consider a semisimple connected Lie group G with an affine sym-
metric space X . We study abstractly the intertwining operators from the dis-
crete series of X into representations with reproducing kernel and, in partic-
ular, into the discrete series of G ; each such is given by a convolution with
an analytic function. For X of Hermitian type, we consider the holomorphic
discrete series of X and here derive very explicit formulas for the intertwin-
ing operators. As a corollary we get a multiplicity one result for the series in
question.

0. INTRODUCTION

The purpose of this work is twofold. The first is to study abstractly the inter-
twining operators between discrete series representations of an affine symmetric
space X and discrete series of the corresponding semisimple group. The sec-
ond is to obtain very explicit formulas for certain discrete representations on
X, in effect giving the analogue of Harish-Chandra’s original construction of
the holomorphic discrete series in the group case. Not surprisingly, these two
problems are highly connected. Thus Theorem 5.4 below gives the formula for
the lowest K-type (the Flensted-Jensen function) on X, whereas in Theorem
7.3 essentially the same function gives the intertwining operator. Much of our
analysis builds on the framework in [14], but otherwise we have tried to make
the paper reasonably self-contained. This is, in particular, the case in §1, §2,
and §4, where we abstract the properties of our intertwining operators with an
eye towards later applications.

We shall always let G be a connected, noncompact semisimple Lie group
such that the associated Riemannian symmetric space is a bounded symmetric
domain D c C". The best known and most interesting discrete series represen-
tations of G are the holomorphic discrete series representations. As explained
above, one of our aims in this paper is to generalize this construction to affine
symmetric spaces of Hermitian type and relate those with other well-known
representations.

Received by the editors September 23, 1988 and, in revised form, June 27, 1989.
1980 Mathematics Subject Classification (1985 Revision). Primary 22E46; Secondary 43A85.

© 1991 American Mathematical Society
0002-9947/91 $1.00 + $.25 per page




386 G. 'OLAFSSON AND B. GRSTED

In [14] we did this for the case of a holomorphic character of the universal
covering of the complexification of a maximal compact subgroup. One of our
main tools in that paper was the analysis of an intertwining operator into the
holomorphic discrete series of G, and the fact that such an intertwining opera-
tor is determined by the reproducing kernel of the representation in its standard
realization in the space of holomorphic functions on D. It turns out that this
connection between the intertwining operators and the reproducing kernel only
depends on the existence of a kernel. Hence this idea can be used to analyze
other realizations of such representations, e.g. in L’ of an affine symmetric
space X .

Many interesting representations of G can be realized in %’ -vector bundle
over a homogeneous G-space such that the representation has a reproducing
kernel, e.g. the ladder representations, the analytic continuation of the holo-
morphic discrete series, and also—by a construction of Hotta, Wallach, and
Wolf—the discrete series in general. In Gutkin [6] one finds a nice abstraction
of these examples, namely the concept of elliptic representations. These are
realized in the square-integrable kernel of an invariant elliptic operator on a ho-
mogeneous Hermitian vector bundle. We collect some simple facts concerning
intertwining operators and reproducing kernels in the first section of this paper.
By this we get a general formula for the reproducing kernel in term of the “low-
est” K-type, and an abstract proof of the fact used in [14] that the inverse of an
intertwining operator of a reproducing representation, i.e. a representation with
a reproducing kernel, into L (X), is given by a convolution with a K-finite,
analytic function. Another application of the ideas in §1 is a simple proof in
§2 of the reproducing property of the general discrete series in the realization
of Hotta. As a corollary of this, we have that every intertwining operator of a
discrete series representation of X into a discrete series representation of G is
a convolution operator. Given such an imbedding U there exists an analytic
function ¢ on X with values in the space of the lowest K-type of 7 such that
(assuming for simplicity that the center of G is finite)

(0.1) Ug)y) = / g(x)(y ™" x) dx
X
and if 7 is integrable

02) T(f)(x) = /D (f(z), 8(z"" %)), dz

where T isthe inverse of U (see Theorems 3.2 and 4.2). It should be noted that
in the literature such representations have been studied, e.g., by H. Schlichtkrull
[17] by determining the Langlands-parameters of some of the representations
in [4].

In [14] we found an explicit formula for ¢ in the case of holomorphic
line bundles over the symmetric space. In the general case we can only say—
analogously to the lowest K-type of the corresponding representation—that the
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function is given via the Flensted-Jensen-isomorphism and the Poisson transfor-
mation of a vector-valued distribution on the boundary of the dual noncompact
Riemannian form X" = G¢ /Kd of X . Butif X is of Hermitian type and the
representation is holomorphic, we can give an explicit formula for ¢. We turn
to this case in the second part of this paper, §§5-7. First we associate to some K-
types 0 avector-valued, K-finite function ®(x) = 5\/())#()6))1/0 on X%, the uni-
versal covering of X, such that the functions (®(:), v), v € V,, generate the
lowest K-type of an irreducible discrete series representation (g;, Hy) of X *.
Here 6" is the contragredient of d, y#(x) is determined by the H_-component
of x~! in the decomposition G C HCKCP+ , and V0 s Kf’-invariant.

By using our results from [14] about ", we also have a formula for ® on
a maximal flat submanifold B given by products of cosh-factors. We also use
the definition of y# and its relation with the Iwasawa-decomposition on the
“dual”-group G’ 1o relate this with the functions of Flensted-Jensen in [3]. In
§6 we then show that in the case X = (G x G)/diagonal(G) = G our construction
gives the holomorphic discrete series of the group. In the last section we then
use the results of §1 and §3 to show that our representations are equivalent to
the (analytic continuation of the) holomorphic discrete series of the group and
that the intertwining operators also are determined by ®. In particular we have
a simple proof of the fact that those representations occur with multiplicity one
in L(X).

It should be remarked here that there is also a construction with quite dif-
ferent methods of the holomorphic discrete series by Matsumoto in [11]. Fur-
thermore those results also hold for G in the Harish-Chandra class. But as
this excludes the case where G has infinite center and makes the notation more
complicated as we have to take care of both the infinitesimal character and the
lowest K-type, we do not handle it here and leave it to the reader to make the
necessary changes.

The main ideas of the first part of this paper first appeared in [15], whereas
the last part is taken from a lecture by the first author given at the University of
Gottingen in the spring of 1988. The authors would like to thank the Depart-
ment of Mathematics and Computer Science at the University of Odense and
the Sonderforschungsbereich 170 in Géttingen for their support, thus making
our joint work during the last year possible.

1. REPRESENTATIONS WITH REPRODUCING KERNEL

Let G be a locally compact, Hausdorff topological group and K a closed
subgroup of G. By a representation of G we mean a continuous representation
in a locally convex, complete, Hausdorff, topological vector space over C. To
ensure that the contragredient representation defined below is also continuous
we assume, furthermore, that the representation space is semireflexive. Let
p be a finite-dimensional unitary representation of K in V. Let E be a
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topological vector space of continuous functions f: G — V, such that f(xk) =
p(k_l)f(x), x € G, k € K, and let 7 be a representation of G in E given
by

[7(x)f1¥) = m(x, )L (N)¥),

where / denotes the usual left translation and m : G x G — GL(V) is continu-
ous. We will assume that ev, : E—V, f f(1) is continuous and surjective.
As ev, = m(x_l , 1)_l o evlon(x_') ev, is continuous for all x € G. Let
x,y,z€G and k € K. As 7 is a representation of G, the following holds
with m(x):=m(x, 1):

-1

(L1) m(xy, z)=m(x, 2)m(y,x"'z), m(x,y)=m@p" ) 'my'x),
(1.2) plkym(x, y) = m(x, yk~)p(k),
(1.3) eV, -y = p(k-l)m(x, » o ev, om(x).

Lemma 1.1. Define 6 : K — GL(V) by d(k) := m(k)p(k). Then ¢ is a
representation of K and ev, € Homy(n, d).

Proof. This follows immediately from (1.3) and the fact that = is a represen-
tation. O

Let E* be the dual of E. As V is finite dimensional we can identify
Hom(E, V) with E* ® V via the pairing

(f.o®v).:=(f, v, [€E, g€k, veV,

where (-, -) is the usual pairing between E and E". By this, ev, corresponds
to an element %, € E* ® V such that

fx)=(f,Z)g, [€E, xegG.

We call Z the reproducing kernel of n. As usual, we define a representation 7"
on E* by n¥(a)="n(a”"). As E is assumed semireflexive, 7" is continuous
(see [24, p. 224]). Furthermore (f, (n° ® )(a)T), = (n(a'l)f, T)p for all
T e E"®V. Now (1.3) reads

(1.3) .

xyk

Lyl

=7n"(x)® p(k_l)m(x_ g

Theorem 1.2. Let v,,...,v, beabasisof V andlet v, ..., v, be the dual
basis of V", i.e. (v,,v,) =6, Define ¢, € E* by ¢,:="(ev,)(v,). Then

i
(1) ¢; is nonzero anjd in E(8").
(2) % €E(6V)®V and (n'(k)® 1).% = (1®d(k™"))%, .
B)Z =" 1" (x)p,emx"", 1) v,
In particular, if G is a semisimple Lie group, K is a maximal compact subgroup
and E is Z(g)-finite, then %, € E, ® V, where E is the space of analytic

vectors of E*.
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Proof. As ev, is a surjective (m, J)-homomorphism as a representation of K,
it follows that ‘(ev,) : V' — E" is an injective (6", n")-homomorphism. Thus
¢;#0 and in E*(6"). As

(f, (@' (k) NF) = (k™) f, ) =mk™", Dptk™")f(1),

f € E, Part (2) follows. By (1.3)" we have to show that %, = 3" ¢, ® v,. But
this follows from

n n

f(l) = Z(f(l)’ Vj)”j = Z(fa 1(eV1)(l/j))’Uj = <f> Zd’j ®'Uj>
j=1

j=1 Jj=1 E

If G, K, and E* are as in the last part of the theorem, then apply the
first part and consider Z; = ) ¢, ® v; which is K- and Z(g)-finite for the
representation 7° ® 1. By standard arguments (see [21, p. 312ff]) the claim
follows. O

Assume now that E is a Hilbert space and that n is unitary. We denote
the inner product in a Hilbert space F by (- | -)p. Let j, : V- V bea
conjugation of V and identify V* with V via Jy. For f, g € E define
Je(NX) = jy(f(x)) and (g, jg(f)) := (g | f). Then jz :E— E" isa
conjugate-linear isomorphism. Thus E* is a space of functions from G into
V* such that ¢(xk) = p'(k "¢(x) for all ¢ € E*, and % is identified
with a function Z : G x G — V' ® V = End(V). As = is unitary it follows
that n"(x)(j &) = m(x, ")l j &, where m(x,y) = j,m(x,y)j, € GL(V").
Define Z: G — GL(V") by

[x

(x)v = m(x_l)'(evl)(u)(x) = evl(nv(x_l)'evl(u)).

Theorem 1.3. Let the notation be as above. Then

(1) E(kxh) = 6" (h™HE(x)8" (k™).

Q) Z) =X, my~, DTEE Yy emxT, )7,

(3) If m = 1 and there is a measure u on G/K such that (f|g); =
Jo ) (f(X)| 8(x))y, du(xK), then f(x) = [ "E(x~'y)f(v)du(K) forall f €
Eand xeG.

(4) If G is a semisimple Lie group, K a maximal compact subgroup, and E
unitary and irreducible, then % is an analytic function for all x € G.

Proof. (1) follows from the intertwining properties of 'evl . By Theorem 1.2,
Z.(y) = Z[nv(x)d)i](y) ® m(x_l)_lvi. As 7 is unitary,

-1 -1

(7Y (x)$,J0) = m(y~ )2 (v x)e J(1) = m(y~) BT y)(w,).

For (3) we notice first that for f, g € E, x € G,and k € K, (f(xk)| g(xk)),
= (p(k™")f(x) | p(k™")g(x))y = (f(x)|8(x)), . Hence x — (f(x)|g(x)), is
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actually a function on G/K and thus the integral makes sense. By our iden-
tification of E* with E (resp. V' with V) we get (f, j.8) = (f|8) =
Jox(f(x)18(x))y du(xK) = [5,,(f(x), jy (8(x))) du(xK) . Thus

) ={f, F)p =3 (X)),
_ =]
-/ 0026 g durk)

-1

(x »fy), v du(yK)

Il
g
g
k/\

o

By Theorem 1.1 the functions ¢, are K-finite and—as E is irreducible—
Z(g)-finite (Z(g) the center of U(g)). By well-known arguments (e.g. [21])
¢, is analytic. By Theorem 1.2, .7, = 25;1 nv(x)qﬁi ® m(x_1 , 1)"111,. and (4)
follows. O

Let now A be a representation of G in a Hilbert space F and U €
Hom(F, E), U #0. Then

‘U®1€eHomy,(E"®V,F ®V) and (f, U I(T)), =(U(N), T),
forall feFand TEE"'®V.

Lemma 1.4. Define y, := (Ue 1)(Z,) € F'®V and y = w,. Then
(1) v, =27(x)® m(x_l)_'t// and

Uf(x)=(f, w)p=mx") " (Ax"")f, w)y, feF.

(2)w e F(8Y)®V and (AW (k)@ 1)y = (108(k™"))w . In particular, if G is
a semisimple Lie group, K a maximal compact subgroup, and ¥* is Z(g)-finite,
then y €F, V.

Proof. Uf(8)=(Uf, Z)y={f, (U@DZ,) =/, ¥)p, f€F. Therest
follows by the same arguments as in the proof of Theorem 1.3 and from the
intertwining properties of ‘U ® 1, Theorem 1.2. O

2. THE DISCRETE SERIES OF G

From now on G will stand for a noncompact connected semisimple Lie
group with Lie algebra g,. In this paragraph we recall Hotta’s construction
of the discrete series ([9] and [23]) and prove that the evaluation map ev, is
continuous (see also [23] and [6]).

Let g denote the complexification of g,. If b, is a subspace of g, we
identify the complexification h of b, with the subspace of g generated by b, .
If t is an abelian Lie algebra, V' a semisimple t module, and « € t*, then
V.={veV|Vhet:h-v=ahv}, AV, t):={aet |a#0, V, #0},and
p(IN) = %Z“er(dim(l/”))a ,@#T CA(V,t). Let B be the Killing form of g.
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If t is a subspace of g such that B is nondegenerate on t, A € t*, we define
h,etby A(x)=B(x,h), xet. For A, pet let (A, u):=B(h;, h,).

Let ¥ be a Cartan involution of G; then ¥ stands for the corresponding
involution on g,, g, gy, and g too. Then g, = ¢, & p, where &, is the Lie
algebra of K := G® and p, is the (—1)-eigenspace of &. Then ¢ is the (+1)-
eigenspace of ¥, and Z, the center of G, is contained in K. Let R := G/K,
G = G/Z, K 0. K /Z , and normalize measures such that compact groups
have total measure one and

/f(k)de=/0/f(kz)dKodez, fe®(K),
K K" JZ
and

[11dox = [ [ 10k devak
- [, [ fsz)dgxdz, fe#(G).

Let t be a Cartan subalgebra of €. We will always assume that t is also a Car-
tan subalgebra of g, i.e. rank(G) = rank(K). Let T C K be the corresponding
Cartan subgroup and A € itg regular. As p is ad(t)-stable, Ag = Ag, t),
Ayi=A(e, t), and A, :=A(p, t) are well-defined. Let

A ={a€A (1, 0)>0}, A :=ANA;, A=A NA;.

We also define p, := p(4;), p, := p(4;), and p, := p(A;). Assume that
there is an irreducible representation 6, of K with highest weight uy(4) :=
A+ p,—2p, = A+ p,— p,. Denote the representation space J, by V, or
simply by V. We consider the associated homogeneous > vector bundle
V,:=GxxV— R over R. Let H,(4) be the subspace of Lz-sections, where
Q, the closure of the Casimir element Q € Z(g), acts by [[A|* - [Ip,]*, ie.
H,(A) is the space of #*-functions of G into V such that

() Vk e K, YaeG: f(ak) =d,(k™")f(a),

(2) Qf = (I = llpgI*)f .

(3) I/l € LY(R) .
Then H,(4) is a Hilbert space with inner product given by

(f1g) = /R (f(x)| g(x)) dg(xK) = /G ()| 8(x)) dga(xZ).

G acts irreducibly and unitarily on H,(4) by left translation and the corre-
sponding representation 7, is unitary equivalent to the (relative) discrete series
representation of G associated to the Blattner parameter ug(4) (see [9] and
[23]).

Let x := dim(V) -traceod, : K — C and let { : Z — C be the central
character of n,,i.e. m,|Z = {-id. Choose f € H,(4) such that f(1) # 0.

Then |

S2)f() =Sz

) =9d,(2) (1),
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and 6, | Z =¢-id and y(kz) = (k) for ze Z, k € K. Hence
/ £k %) dyo (K Z)

is well-defined and pr is the continuous, orthogonal K-intertwining projection
onto H,(4)(d;). Now
/ x(k d(kZ)

_ / x()8,(k)d(kZ) f(1)

= f(1).
Thus ev, = (ev, [H,(4)(d;))opr. As the multiplicity of J, in H,(4) is one—Jd,
is the lowest K -type of mn,—we also have that ev |H2(A)(5 ): H ,(A)(,) =V
is a K-equivariant, continuous isomorphism, and ev, |H2(A)(5/1)l =0. We
have now proved

Theorem 3.1. ev, : H,(4) = V continuous for all x € G.

By this theorem our results in §1 can be applied to the discrete series represen-
tations. In particular, Theorem 1.3 can be used to write down the reproducing
kernel. Notice that the dual of H,(4) is H,(~w"1) where w" is the unique
element of the Weyl group of A, such that w™A; = -4, .

3. THE DISCRETE SERIES OF X

Let 7 be a nontrivial involution of G (and g,, g, g;, g°), commuting with
¥ and let H be an open subgroup of G'. Then H is a closed subgroup of
G. Let b, be the Lie algebra of H and q, the (—1)-eigenspace of 7. Then
g=h®q="0q,0h,9q,, where the subscript k (resp. p) means the
intersection with € (resp. p). Let X be the affine symmetric space G/H . We
also define H° to be the connected component of (GO)T ,and X 0. GO/HO.

From now on we assume that t is 7-stable and that a := t N q is maximal
abelian in q. Then the rank of X is the same as the rank of K/K N H and, by
a theorem of Flensted-Jensen [3], the relative discrete series of X is nonzero.
For the construction and parametrization of the discrete series of X we refer
the reader to [3, 5, 12, 19] and the references there. We will only remind the
reader that those representations are parametrized by a subset A C iaa. We
denote the corresponding representation space by F,, 4 € A. Let [ be the
centralizer of a in g and A := A(g, a), A, := A(¢, a), A(l) := A(l, t), and
A(I) :== A(I, , ). Choose a positive ordering in it; such that iaj comes first
and let the superscript + denote the corresponding positive system of roots.
Let p:=p(A") and p, := p(A}), and define for A € a”, u (1) :=4+p-2p,.
Then pg(4) = pg(d— p(AT (D) +2p(A7 (1)) .

Definition 3.1. The pair (g,, ) (or the space X) is said to satisfy Condition
D, if the centralizer of a, in G° is compact.
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The reader can find a list of the simple classical spaces satisfying Condition
D in [17], from which this definition is taken. Notice, also, that X satisfies
Condition D if X is of Hermitian type (see Definition 5.1).

If X satisfies Condition D, then [ = [, and p(l) = pc() Thus ug(4) =
tg(A+ p(1)) and A+ p(I) is dominant regular, if (4, @) > [(p(l), )| for all
a € A; . In that case the discrete series representation in H,(4 + p(1)" exists
and is equivalent to the representation of G in F, by [18] and [13]. Thus
infinitely many of the representations F, can be realized in the discrete series
of G.

We will now assume that A € it(’; is such that there is a unitary intertwining
operator 7 : H,(4) — L§(X ), where ¢ is determined by ¢-id = 7, |Z and

L? (X) is the space of measurable functions f on X, such that [ f =¢(z)f,

zeZ,and |f|e L*(X%). Let E, :=Im(T), U:=T"':E, » H,(4), and ¢,
be the representation of G on E,. Notice that E, = {f| f € E,} is the dual
of E,. Let & (X, d,, x) be the space of functions f: X — V such that

() Vke K, Vx € X : f(kx) =d,(k)f(x),

(2)Vz € Z(g) : zf = x(z)f, where x : Z(g) — C is the infinitesimal
character of = .

If fed(X,6,x)N Lg(X) then f is analytic and bounded [1, pp. 230,
244].

Theorem 3.2. Let the notation be as above. Let % be the reproducing kernel
of m, and define ¢ : X —V by ¢ = (Ue® 1)Z,. Then ¢ has the following
properties, where a, be G and x € X :

(1) pe L (X,6,, x)NE, ®VCL2(X V).

(2Q)VfeE:Uf(a)=(f,¢ ® = [y f(x)p(a” x)dXox,

(3)'T® 1(e] ® 1(a)p)(b) _%(a b) x;(b).

(4) Define for v € V*, ¢,(x) := (¢(x),v). Then ¢, € E;(6)) and V" 3
ve ¢, €E,(8)) isa K-isomorphism.
Proof. Everything except (4) follows from Lemma 1.4. By (2), ¢V(k_1x) =
(@(k™"x), v) = (6,(kp(x), v) = (B(x), 8, (k)v) = PsY ey (X) - As B(x) is
nonzero for some x € X', we can find a v such that ¢, #0. Thus v — ¢, is

a nonzero K-map. As 6; is irreducible and its multiplicity in E/x is one, the
theorem follows. O

If A € iay and A+ p(I) is dominant and regular, then F, is generated by
the Flensted-Jensen function y, , which is H N K-invariant, of type 51 o) » and
w,(1) = 1. By Theorem 3.2(4) thereisa v € V* such that ¢, =V,. As y,
is H N K-invariant it follows that v is H N K-invariant and that ¢(1H) is a
nonzero H N K-invariant vector in V. We collect this in

Theorem 3.3. If A € iay and A+ p(l) is dominant and regular, then there is a
v e VHK such that w, = (®(-), v). Furthermore ®(1H) € VHnK\{O}.
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4. THE INTERTWINING OPERATOR

In this section we will show that on the level of K-finite functions, the inter-
twining operator 7 : H,(4) — E, is determined by the function y — ¢(y“lx)
if z, is integrable.

Definition 4.1. Let n be a unitary irreducible representation of G. Then =n is
said to be integrable if x — |(m(x)u | v)| is integrable on G° for u, v K-finite.

According to [7] and [20], =, is integrable if
|
>3 Y IB, o), forall/ieA:.
aEA;

In that case ||f(-)|| € L'(R) for f € H,(4) K-finite [23, p. 268].
Let the notation be as in §3. In particular, T is a unitary intertwining
operator from H,(4) into E, C LE(X) with inverse U, and ¢ € & (X, 6,, x)N

E, ®V is such that U(f)(a) = [ f(x)p(a”'x)d,ox .
Theorem 4.2. Assume that n, is integrable and f € H,(A) K-finite. Then

T = [ () 6(ax), dga
- [(f@18(ax), dyak).

Proof. That the two integrals are equal follows from Theorem 3.2(1). As ¢ is
bounded

Ll(f(a)|¢(a_IX))V|dR(aK) < sup II¢(X)II/RIIf(a)|IV dr(aK) < oco.

Hence the integral exists for all f K-finite. Denote it by 7, f(x). Let g €E,;
then

//| )1 6(a"x)), 8(x)| dg(aK) dyx

< [[ W@ lgota x)l dyx defak)
</l el gl < o

Thus T, f defines a continuous linear form on E, and the function (a, x) —

g(x)(f(a)| d)(a_]x)),/ is integrable on R x X . By Riesz’ Representation The-
orem there exists a function y € E, such that

/ g(x)7(x)d yo(x) = / 20T, £(x) dyol(x)

for all ¢ € E,. By Fubini’s theorem we get

[ e dy (1) = (11080 = (T112),
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Thus y is K-finite and analytic. Let g € €,(X) and define
0 ——
£'):= [ EDalzn)d,z.

Then g° € L}(X). Let p: Li(X) — E, be the orthogonal projection. Then, by
using Fubini’s theorem again,

[ 800G) = 1,706 dx = (/1 Ug") = Ulpg") 5y = 0.

Thus y(x) = T, f(x) for almost all x € X'. As both functions are continuous
the claim follows. O

#
5. THE HOLOMORPHIC DISCRETE SERIES OF X

In the general case there is no explicit formula for the function ¢ on X . The
best one can say is that there is a vector-valued distribution F on the boundary
of the noncompact Riemannian form X" = G’ /K “ such that ¢ is given by the
Poisson transform of F followed by the Flensted-Jensen isomorphism. Here
G? is a connected Lie group with Lie algebra gg = b ®1 bop ®iqy, ©qg, as usual
(see [5] for notation). But if X is of Hermitian type and =, is a holomorphic
discrete series representation, we can use this to give a formula analogous to
our results in [14, Theorem 6.2] for the scalar holomorphic discrete series. In
this section we give the general construction of the holomorphic discrete series
of the universal covering X * of X and relate those with the discrete series of
Flensted-Jensen.

We assume from now on that G is contained in a simply-connected, complex
Lie group G, with the Lie algebra g. Let G* denote the simply-connected

covering of G and let K = G#ﬁ, H* = G#T, K. = G?, and H, := G;.
As G' and G, are simply-connected, all of those groups are connected, (this
follows from [8, Theorem 8.2]). Let K: be the simply-connected covering of
K. . Then we may identify K * with the analytic subgroup of Kf corresponding
to £,. Denote the canonical covering maps G -G, K"K , K: — K, inall
cases by x . Then x also defines a covering map X X , X =G /H#, and
x*is simply-connected. With our usual notation, G a noncompact semisimple
Lie group with Lie algebra g;, 7 a nontrivial involution of G (and g;), and
X = G/H with H an open subgroup of G*, we now define

5.1. Definition. The pair (g,, 7)—or the space X—is said to be of Hermitian
type, if the following holds:

(1) There is no noncompact ideal in g, contained in b, .

(2) Let ¢ be the centralizer of g, in g, ; then 3q(c) =q,.

Notice that this is weaker than the definition in [14], but the results of [14] still
hold. In particular this is true for the structure theory in §1 and §2 of [14]. If
X is of Hermitian type, then ¢ is nonzero and contained in the center of &.
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Furthermore 3,(c) = ¢ and R is a bounded symmetric domain. In particular
we can choose a and t such thatc CaC t C ¢. Choose a basis 4,, ..., h, of
it, such that the first p elements are a basis of ic, the first ¢ elements are a
basis of ia,, and the rest are in it,N ;. Our ordering is then the lexicographic
ordering relative to this basis. If « € A, then g_isin ¢ or p. Let A: be the
set of positive roots such that g C p, and let p~ :=Pg, , a € A: . Then p*
and p~ are abelian algebras, g=p* @ t®p~, and [¢, p*] C pi .

Let P* :=exp(p®). Then P*NK P~ ={l1} and GC P'K P NHK.P* =
0. For x € O we define p*(x) € P*, k.(x)€K,, q(x) € P, and ky(x)€
H.NK\K, by

x=p (x)k (x)g" (x) € HCkH(x)P+.

c
R is realized as a bounded symmetric domain D in p* by x — z(x) :=
log(p™(x)) . Choose a maximal set of strongly orthogonal roots Q, ..., € A:
as in [14, §2]. Choose ¢, € a, x; € p, , and y, € qo, such that 7(%;) =
-x;, the conjugation of g relative to g,, [x;, X;] = ¢;, o;(t;) = 2, and
y; =x;—1(x;). Then by := Y ;_ Ry, is maximal abelian in do, [14, Lemma

b
Q;

2.3]. Let B be the corresponding analytic subgroup of G (G# and G,). If
b =[]exp(s;y;) then by [14, Theorem 2.4]

(5.1) kH(b_l) = f[exp (3 log(cosh(2s)))t,) .
i=1

Define y : X — K./K.NH, by y(xH) := kH(x'])_]. As X* is simply-
connected, y lifts to »oxt o KC# /Kf’ such that the diagram

# # o8
X —— KC/KCt

Kl va

X —— K/K.nH,
commutes and y#(lH#) = lK:t .ForkeK*, xm k_'y#(kx) defines another
lifting (as K, normalizes P"). Thus we find e, such that k™ ¥ (kx) = eky#(x)
for all x. As k™'y*(k) = ¢ K!", the function K* 5k — ¢, K’ € k7'(1K) is
continuous, k~'(1K,) is discrete, and e, K" = 1K*". Thus y*(kx) = ky*(x).

Let 6 be a holomorphic representation of K: in the finite dimensional

Hilbert space V. Assume that J | K * s unitary and that J contains a nonzero
Kf’-ﬁxed vector. Let §” be the contragredient representation and WLev
K -invariant, v° # 0. Define D, =0: X" - V* by

d(x):= 3" (" ).

Then @ is analytic and ®(kx) = 6" (k)D(x), x € X* kek®. If Z* is the
center of G, and if & € Z* is defined by 0| Z* = &id, then [, =¢(2)®,
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zeZ* ForveV welet @, := (v, ®()), ie D (x)= (0 x) "), =
(6(kc#(x_1))v, uo) , where kf is defined in the obvious way. Then [ ® =
D; 4y, > 1. P, is of type J.

Let n* := Y aca+ 84, and nf :=n*Nt; then n*

= n:: @pi and

U(g) = U(t) ® (n” U(g) + U(g)n™)

B @ Ul + Uy,
U)=U®) @ (n, U®) + U®)n)).

Il
<

Let ¢°, q,,and qe be the corresponding projection onto the first factor. If we
need to emphasize the dependence on the choice of positive roots we will write
q°(A*(g, 1), etc. Then ¢° =g'og,. For 2 €t* we define /, : S(t) — S(t) by
[,(h) = h— A(h). For [ =g or t we define p = lp[ og'. Then u': Z(1) -
S®""? is an isomorphism, 4,(Z(g)) C Z(t), and u® =, ou'op,. For
A €t define x; :Z(I) - C by x;(z) = u[(z)(l). Then every character of Z (1)
is equal to some y;, and y, = Xy if and only if there isa w € W (I, t) such
that A = w-u and x, is independent of the system of positive roots used to
construct it.

Theorem 5.2. Let the notation be as above. Let u be the highest weight of ¢
and assume (u+p, ) <0 forall a € A} . Then the following holds:

() @es (X*, 6", 1, ) NLI X))@V and p"®=0.
(2) Let b=exp(}_s;y;) € B. Then

o, (b) = <5 (f‘[ exp (% 1og(cosh(2s,))t,.)) v, u°> .
i=1

If v is of weight v, then
@, (b) = (v, v°) [ cosh(2s,) />,

(3) ®, e Lj(X").
(4) Let Hy(d) := {®,|v € V} and H; be the closure of U(g)H,(d) in

Lé( X*). Then H; is irreducible, with infinitesimal character x,, b vV -

H,(6), v — @
H,.

(5) p"H,(6) = 0.

(6) If v is a highest weight of a K*-type occurring in H s+ then there exist
n €L, a€A,, suchthat v=p-3noa.

is a K*-isomorphism, and H;(d) is the lowest K*-type of

v’

Definition 5.3. The representations ¢; on H; are called the holomorphic dis-
crete series of X*—or X if H s C L2(X )—with lowest K#-type J.
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Proof of the theorem. Assume first that (1) holds. Then (3) and (5) are obvious.
Furthermore (2) follows from (5.1) and the definition of ®. By (5) the Harish-
Chandra module of H; is isomorphic to U(p ) ® Hy(d) as a representation of
K*, and (6) follows. By (6) the multiplicity of J in Hj is one and—as every
nonzero vector in Hy(d) is cyclic and H; is unitary— H; is irreducible.

Now we prove (1). Let x € X * . Then we can find an open neighbourhood
% of x and an open subset & C X such that x : Z — & is an analytic
diffeomorphism. Define ¥ : & — V* by ¥(x(y)) = ®(y), v € #. Then,
obviously, X¥(k(x)) = X®d(x) for all X € g. But by construction there
exists an open subset 7~ C P+KC/HC C G,/H, such that ¥ extends to a
holomorphic function on %" and ¥(pkH,) = ¥(kH,), p € P* and k € K,.
As ¥ is holomorphic, X¥(y) = f;‘P(exp(—tX W), forall X € g. Hence
p"W(x(x)) =p*®(x) = 0. As x was arbitrary,

(5.2) p®=0.
Define now an antihomomorphism u — u* of U(g) by X' = -X, X € g.
Let v € V be a highest weight vector. Then for z € Z ( ),
(v, 2®(x)) = (v, g,(2)P(x)) by (5.1)
=(v,6"(g,(2))@(x)) by (5.1)
((5(Q( 2))v, P(x))
= (6(¢" (@ (2))v, B(x)
#(4@*(2))(v, ®(x))
x,,+,,( v, ®(x)).

As v is cyclic and ¢,(z) € Z(¢), it follows that z® = x D.

That @, € L (X) follows from the next theorem, which relates our con-
struction with that of Flensted-Jensen, but we will give an independent proof

here. For that we define the Cayley-transform ¢ := Ad(exp(—— 2(x; = %))

and a; := ERitj. Then c(t)) = y;, c(iay) = by, and ‘ )(A | iay)\O =
Algy» bp) . Let A%(gy, by) == '(c™)(A% | iag)\0 and p° = p(A™ (g, by)).
Then p0 =po ¢~'. In particular pO(yj) = p(t;). We only have to show
that ® , v of weight 4, is in Lg(X ). By Lemma 5.5, which follows be-
low, /1(]) < —p(t;)—¢ (¢ >0) forall j. Let b be as in (2) with 5,20
J=1,2,.. ) Then

wr, (%)

)

)
< (v, y,)Cexp (—p (Z S; j)) exp (—8251)
= (v, vp)Cexp ( P’ (Z Sjyf)) exp (“8231)
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where C > 0 is independent of (s;,...,s,). As the G-invariant measure on
X 1is given by a constant multiple of

/ f(kbH) [ [ sinh(b)"= cosh(6*)* db dk,

kK JB*

M hoew,,
—x} (see [3,

where B :={b € B |Va € A+(go, by) : 6% > 1}, exp(h)® =
p, =dim{x € g, | ¥1(x) = x}, and g, = dim{x € gy, | F(x)
Theorem 2.6], the theorem follows. O

e

As in §3, we let w™ be the unique element in the Weyl group of A, such

that w*A; = —A; . Then it follows easily that w"a = a and w*A! = -A].
Let v:=-w"(u+p)=-w"u+p,— p,. Then relative to A", v is dominant
regular and u.(v) = —w"u. We recall now the construction of the Flensted-

Jensen function to the parameter v. Let gg ‘= box @ ihy, ® iqp, & g, as
before. Then gg is semisimple with Cartan-involution 7 and “Iwasawa-a,”
ia, . Furthermore
gy = {x €8 0n(x) = x},
where 7 is the conjugation x — 7(x). Let k‘g = box ® by, . Let G’ denote the
analytic subgroup of G, corresponding to gg. Then G° = Gf” let K% = H.n
G’ = exp(¢l), A? := exp(iay), and N’ = exp(n® Ngd). Then G’ = K?4"N’
is an Iwasawa decomposition of G'. If x € G* we write correspondingly
X = kd(x)ad(x)nd(x). Now B C G and thus we may write, for b € B,
b =k%(b)a’ (b)n®(b).

But by [14, §2] we may also write
(5.3) b = hky(b)p
with A € H, unique modulo H, NK,, k,(b) € K, and p € P*. But by
Theorem 2.4 in [14], k,(b) € exp(ia;) = 4% By applying the conjugation 67
to (5.3) (or by using the proof of [14, Theorem 2.4]) it follows that k,(b) =
a’(b), p = n’(b), and h = k?(b) (modulo K, N H,). Now the Flensted-
Jensen function corresponding to v is uniquely determined by the following
two properties (see [3, p. 268]):

(1) y, is K*-finite of type ¢ .

2) ¥, (bH") = [ery @’ (b k)" dk, be B.
Theorem 54. Let v € V be Kf’-invariant and such that (v, v°) = 1. Then
®, =y, . In particular H; = F .
Proof. Let v° and v be as above. In the K#-variable, the function y, has an

analytic continuation to a holomorphic function on K: such that for x(x) €
K.nG",

u/V(xH#)=/ AT dke = ), 8% ()Y

KnH




400 G. 'OLAFSSON AND B. ORSTED

(see [3, pp. 268, 269]). Let b le B, b=l = 4341, - Then by the above, n, €
P*nG’. Thus k™'nk € N? forall k € KnH. Hence a’(b™"k) = a®(a k)
and

v, (bH") = / a7 k) ak

KnH

- / a*(a k)™ dk
KnH

-1

=, (b))

HY=(v,6%(a) v’ = (v, 6" (k6" W°

“=o,b). O

)

Lemma 5.5. Assume that g, is simple. Let 6 and p be as in Theorem 5.3. Let
y be the highest root in A} . Then

v+p,A)<(utp,7)<0
for all weights v of 6 and all A€ A .
Proof. First we notice that (y, ) > 0 for B € A:’, (y + B is never a root).
Furthermore if w € W(A) and A € A} then wi € A, and there is a sum Q

of positive compact roots such that wi =y — Q. Let 1 and v be as in the
lemma. Choose w € W(A:) such that w(v + p) is A:-dominant. Then

v+p,4)=(w+p), wi)
=(ww+p),y)-(wr+p), Q)
<{w(v+p),7)
as w(y+p) is A:-dominant. As wp — p=—P and wv = u— P, where P,
and P are sums of positive compact roots, we now have
(wv+p),y)=(wv+p,7)+{wp-p,7)
=(u+p,v)—(P+P,7)
<{u+p,7)<0. 0O

6. AN EXAMPLE: THE HOLOMORPHIC DISCRETE SERIES OF G

We now specialize to the case G = (G xG)/d(G), where d(G) is the diagonal
{(x, x)|x € G}. We will use the notation from the preceding sections. Let
g~ :=gxg and define t(X, Y):= (Y, X). Then h=d(g) = {(X, X)| X € g}
and q = {(X,-X) | X € g}. Let ¢, be the center of ¢. That G is of
Hermitian type means that 3 9(ce) =t or, equivalently, that G/K is a bounded
symmetric domain. Let ¢:= {(X, -X)| X €¢,} and a:= {(X, -X) | X € t}.
Then we have the following identifications, where the superscript ~ denotes
the construction relative to g~ , anda™ = $(a, —a):A={a" |a € A} =47,
AT =(4A))",

9

+ —

~ ~ + - ~ -+
9, =8,%X8_,> p =p Xp , P =p Xp .
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Let 6~ be a finite-dimensional irreducible holomorphic representation of K
containing a nonzero d(K,)-fixed vector. Then 6~ = J ® 6", where 4 is an
irreducible representation of K, and every d(K )-fixed vector v° for 6~V is
given by a constant multiple of »° = E;’=1 v;®v; where {v,...,v,}isabase
of V.and {v,...,v,} is the dual base. Letu be the highest weight of & ;
then the highest weight u;~ of 0~ is 2u™ = (u, —u). As our “ p-functional”
relative to the above A" is now given by p = 2p,, we have

(U~ +p, ") =(u+p,, @)

for all @ € A;. Hence (us~ +p,a”) < 0 forall o™ € A; if and only
if (u+p,,0a) <0 forall @€ A(p*,t). Assume (u+p , ) < O for all
a€Alp”,t). Let (¢ s~ » Hs~) be the holomorphic discrete series representation
of the last section. Then ¢;~ = 7 ® n’, where 7 is an irreducible unitary
representation of G. As a representation of G £ G x 1 — G x G g~ is
isomorphic to 7 ® 1, where 1 stands for the identity on V_. Let x € G. Then

-1 1

L) =" k)P )T )
=(p"(x), P (x) " (k(x) ", D) T (X))
Hence y(x) = (k,(x), 1) mod d(K,). Choose the base {v,, ..., v,} such that
v, is a highest weight vector. Define @ (x):= va@jl ((x, 1)d(G)). Then

@, (x) = (6(k.(x) v, v,)

v
and this is exactly the generating function for the holomorphic discrete series
(see [10, p. 159]).

Theorem 6.1. Let 6~ 2 3®4"° be a holomorphic representation of K, . Let ug~
(resp. p) be the highest weight of 6~ (resp. 8). Then

(1) (g~ +p, ") <0 foralla™ € A: if and only if (u+ py> ) <0 forall
acAlp’,1).

(2) Assume (us~ +p,0~) <0 forall o™ € A;’. Let g5~ be the holomor-
phic discrete series representation of G x G/d(G) in Hy~, and let n; be the
holomorphic discrete series representation of G with lowest K-type 6. Then
Esn XM, R, .

7. THE REALIZATION OF H(j AS AN ANALYTIC CONTINUATION OF
THE HOLOMORPHIC DISCRETE SERIES OF Gﬂl

In this section we recall the construction of a part of the analytic continuation
of the holomorphic discrete series (see [22] or [16]) and use the results in §1
to determine the intertwining operators from the discrete series of X*. In
particular it will follow that the multiplicity of ¢; in L?(X #) is one (see also
[5] and [2]). We will always assume that 6 and u are as in §5; in particular,
(u+p,a)<0 forall a€A;.
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Let @ (V) be the space of V-valued holomorphic functions on D. Via the
Killing form we can identify U(p~ )®V with the space of V-valued polynomial
functions on p* and thus, by restriction, U(p~)® V c &(V). For u € U(g)
define u* by X" = —X, X € g. Define a sesquilinear form (- | -); on
Up )®V by

UV |u, ®v)); = (d(p,(uju)v | v,),
Then it can be shown (and this will follow from the proof of Theorem 7.2)
that (- | ), is positive definite. Let &; denote the Hilbert space completion of
U(p~)®V. Then g; c &(V). Define a representation n; of G" in (V) by

[75(x)/)(z) := m(x, 2)f(x”' 2),
where m(x, z) := é(kf(rc(x)'l exp(z))"') and the lifting kf is defined in the
same manner as y#. Then &; is invariant under 7.
Theorem 7.1 (H. Rossi, M. Vergne and N. Wallach). (75, &) is an irreducible

unitary representation of G" and U (p”)®YV is the space of K#-ﬁnite vectors. If
(u+p,,a)<0 foral o€ A(p*, t), then ms is a holomorphic discrete series
representation.

For z=x-0€ D, we define (DZ:X#—»V by

(7.1) O(z, y) = ©,() = (k] (x)) @y (x7'y).
The function @(-, y) is holomorphic and 7;(x)®(-, y) = ®(-, xy). For f €
L;(X") set

= /Xf(x)dJ (x)dx
= [ prinE®, (x) dx

where pr: L;(X #) — Hj is the orthogonal projection onto H;. Then Tf €
@ (V) and

(7.2)

T(e;(»))(z) = / F7 0@, (x) dx

- [ fx0,
= 1,0)T(2).

Theorem 7.2. The representations ¢; and m; are equivalent and
2, ¥
Hom (L, (X"), @;) =CT,

where T is defined as above. In particular the multiplicity of ny in L;(X #) is
one.

Proof. The lowest K *type of 7 s are just the constants z — u, u € V. Thus—
by using the same idea as in §2 and Lemma 1.1—it follows easily that point-
evaluation in & is continuous. Let U : LE(X #) — U5 be a nonzero unitary
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intertwining operator and define v, y, € L§(X *, V) by vy, = (Ue 1)(Z,)

and y =y, asin§l; i.e.
= [ Few,x)dx

Then y 4(x) = é(kc(y))t//(y_'x) by Lemma 1.4. And as in [14],
(7.3) z — y,(x) is holomorphic for all x € x*.

As w(kH*) = (k)y(1H") it follows that w(1H") =: «° is a nonzero K*'-
fixed vector in V. Define @, by using uo, 1.e. <I>5v(1H#) =’ , and define
®(z, y) as above using this ®,. . Then it follows that

v, (1HN = ®, (1H" = 6(k! (h))u’

for all h € H*. As D can be realized as a simply-connected open subset in
H/H! n k!, it follows from (7.3) that y,(1H") = @ (1H*) forall z € D.
Thus y,=®, and U=T.

That those representations are equivalent can be seen from the parameters
determining them. Another proof is to define ®, and T as above and then
show that T | Hy (simply denoted by T') is a nonzero intertwining operator.
Let A(z) € End(V) be defined by

A(z)u:=T(®,)( /<D O, (v x)dx, z=)0.

Write x(y) = p+(y)kc(y)p (y) and use Theorem 5.1, parts (1) and (6), to show
that A(y) = A(1). Furthermore A(1)(d(k)u) = d(k)A(1)u. Hence there is a
c(u) € C such that A(1) = c(u)id. Identifying V and V* as usual, ®,(x) =
(@, (x)|w). Hence @, = [®,(x)®,(x)dx = (4(0)w | w) = c(u)|w|’ and
c(u) >0 and T(Hg(d)) is the space of constants z — u. For u,u, € U(p")
we have, furthermore,

(u®d, | u,®,) =(ujud, | ®,) as Hy is unitary
=(q,(uju)®, | ®,) by Theorem 5.2(5)
=(¢qt u u)v | (D )

=c(i)(@(w"u)v | w)
=c(u)(u®v|u w);.

Thus c(u)—l/ 2T is unitary—and, in particular, continuous. Now the theorem
follows. O

If u+ Py 18 A(p~ , t)-dominant, then there is a constant d(u) > 0 such that

O(u)3 f = Fpix o dwi(k; (x)” f(xz) € Hy(u + p,)

is a unitary G*-isomorphism (see [15, p. 23]). In this realization, the formula
for the intertwining operator is given by the function ®;. . Theorem 3.2 and
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Theorem 4.2 now read

Theorem 7.3. Assume that u+ Py IS A*(p™ , t)-dominant. Then every continuous
intertwining operator T : H; — H,(u + pg) is given by

To(y) = /X ()8 (v X)) dx

. #1 . . .
where v is a Kct-mvalant vector in V. If &
constant

utp, 1S integrable, then up to a

T f(x) = / F0) 186" 0 0)w), dy.
D
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